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| ecture Four: Classibcation schemes

1. Topological superconductors

- Topological superconductors w/ TRS in 2D
- Topological superconductors w/ TRS in 3D

2. Symmetries & ten-fold classibcation

- Symmetry classes of ten-fold way
- Dirac Hamiltonians and Dirac mass gaps!
- Periodic table of topological insulators and superconductors



Helical superconductors
(w/ time-reversal symmetry)
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TRI topological SC




Time-reversal-invariant topological superconductor

Superconducting pairing with spin: \‘I;“l/ ) <<~ Cooper pair

Hyr = gkck! Cy1 T | T ’(k)ckl Cr k17 + ! I'l /(k)C! k,! ’Ck,!
k! k!l 7/

2x2Gapmatrix: 1 (k)= ¢(k)!o+d(k)a"]i! y
Time-reversal symmetry: oy! (k)oy = (k)
Different spin-pairing symmetries: (anti-symmetry of wavefunction)

spin-singlet: Ag(K) : J.%(l "#$ %| #'$) evenparity: ! s(k) =1 s(! k)

[ du(k) —idy (k) s [ )

spin-triplet: y dy (K) + idy(K) : | "  odd parity: d(k)="!d( k)

. 1 n n
L Ge(K) (1 THS [ #)



2D time-reversal-invariant topological superconductor

(also known as Ohelical superconductorO)

Square lattice BAG Hamiltonian in the presence of time-reversal symmetry:

Simplest model: _ Hpsip(k) 0
(spinless chiral p-wave SC)? Heae (k) = 0 Hp_ip (K)

e(k) = 2t(coskyx + cosky) —p  dx(k) =sin ky dy(k) =sin ky d,(k) =0

TRS: TH ggc (k)T_l =+ Hggc (' k) T

Ly ®@"K  T?= -1
¥ < c? . . class DllI
llX —_ +

PHS: | CHpac(K)C' ' = —Hpaa(=k)| C

» Combination of time-reversal and particle-hole symmetry:
(chiral symmetry)  Us = (i!y ®"0)(! 0 ® "x) UsHpgqs (K) + Hgdg (k)Us =0

» Hpac can be brought into block-off diagonal form: (transform to basis in which S is diagonal)

I_NleG (k) — (DT(Ek) D(()k)> D(k)=(i!'y){"c! o+ I! ¢[dk a#]}

» TRS acts on D (k) as follows: DT (! k) = ! D (k)



2D time-reversal-invariant topological superconductor

(also known as Ohelical superconductorO)

Square lattice BAG Hamiltonian in the presence of time-reversal symmetry:

Simpl del: _ (k)" o L [d(k) a#](1"y)
(spinlelsr,Ts”(J:heirSaﬁ ?v(\?avee SC)?2 Hede (k) = (! i"y)[d(k) a#] L 1(k)" o y

e(k) = 2t(coskyx + cosky) —p  dx(k) =sin ky dy(k) =sin ky d,(k) =0

TRS: TH ggc (k)T_l =+ Hggc (' k) T

Ly ®@"K  T?= -1
¥ < c? . . class DllI
llX —_ +

PHS: | CHpac(K)C' ' = —Hpaa(=k)| C

» Combination of time-reversal and particle-hole symmetry:
(chiral symmetry)  Us = (i!y ®"0)(! 0 ® "x) UsHpgqs (K) + Hgdg (k)Us =0

» Hpac can be brought into block-off diagonal form: (transform to basis in which S is diagonal)

I_NleG (k) — (DT(Ek) D(()k)> D(k)=(i!'y){"c! o+ I! ¢[dk a#]}

» TRS acts on D (k) as follows: DT (! k) = ! D (k)



2D time-reversal-invariant topological superconductor

Hae (K) = (DT()(k) Dék)) where: D(K) = (il ,){"k! o+ i! i[di &}

> Spectrum Rattening: Projector onto Plled Bloch bands Ky
' _ (0 ak "
Q= 1y —2P QK= (q K) 0 )

» TRS acts on (k) as follows: qk)="!q (! k) 1

» The eigenfunctions of Q(k) are: '
!

+ ' —_ "1 na .
u; (k)'n = S 1q (k)n, where:

are globally debned.
Z, topological invariant

: sewing matrix
4 PEw(! ) ~
|

—+1 (k) = nluy (" k)|Ouy, (K)#

(na)b = 'ab

T k)= 1 " (! k)
= o) _ (k)= d *(k)
=1 /det[g( a)] 4 1

(same symmetries as sewing matrix)




2D time-reversal-invariant topological superconductor

Effec_:tive Iow-energy ¥ (k) _ ) ! (k)" 0 | t[d(k) é#](ln y)
continuum theory: BdG (i) [d(K) 8] 1 1(K)"
(expand around K = Q)

(k)= ! tk2+4t! p dy(k)=k, dy(k)=ky d.(k)=0

Energy spectrum: E. = x! (k) = + "2(k)+ ! ((kz+ k)  TRIM: k=0, k=+

Z, topological invariant @ (! 1)' =1 sgn(4! p)sgn(t) A TR
, trivial super- : TRI topological 3 ¢ T
M > 4t conductor H < 4t superconductor g
LUl <
Bulk-boundary correspondence: | N
By analogy to chiral p-wave SC: (for |u| < 4t) K
two counter-propagating Majorana edge modes helical Majorana edge states: ;
V— -

N protected by TRS and PHS

\ i o TRI topological SC
N possible condensed matter realization: poiog

thin PIm of CePSi?

= >




3D time-reversal-invariant topological superconductor

Cubic lattice BdG Hamiltonian in the presence of time-reversal symmetry:

equivalent to B phase of 3He

(k)" o L old(k) a#](i" y) 4

Solid

leac (= 1 implagg & 119" :

3+ Superfiuid A phase

e(k) = 2t(coskx + cosky +cosk;)! pu

. Supertiuid B phase

Pressure (MPa)
N

Normal fluid

d,(k) =sin k, d,(k)=sink, d,(k)=sink, N

0 1 2 3
Temperature (mK)

TRS | THgdc (k)T_l =+ Hpgqc (! k) T
PHS |CHpac(K)C' ' = —Hpaa(—k)| C

i, ®@"k  T?=-1"
|

RN class DlIlII
0+ X -

Chiral symmetry (TRS x PHS): UsHpgyc (K) + Hpgs (k)Us =0

» Hpac can be brought into block-off diagonal form: (transform to basis in which S is diagonal)

I_NleG (k) — (D&k) D(()k)> D(k)=(i!'y){"c! o+ I! ¢[dk a#]}

» TRS acts on D (k) as follows: DT (! k) = ! D (k)



3D time-reversal-invariant topological superconductor

Lattice BAG Hamiltonian: quG (k) = (DTO(k) D(()k)>

» Off-diagonal block: D(k)=(i!,){"«!o+ 1! [dx &#]}

i1
Mapping D(k) : Brillouin zone # D(k) TRsS: D(k)= —D"(k)

1
» Spectrum Rattening: g(k) = Z
= Aa(k)

i1
Mapping  (K) : Brillouin zone # q(k) C U(2)
TRS: qk)="!q" (! k) 1 3[U(2)] = Z

u, (k)ul (k)D(k) u,(k): eigenvectors of BD 1

2[U(2)] =0

1

——> classibed bywinding number: |W = Y

/BZ Pk e"? Tr (¢ 0uq) (g1 0uq) (g "0,q)]

» Bulk-boundary correspondence:

|(W| = # Kramers-degenerate Majorana states

Possible condensed matter realization:
CePt3Si, Li2Pt3B, CeRhSis, CelrSis, etc.




Classibcation schemes

dim

Symmetry
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Symmetry classes: OTen-fold wayO

(originally introduced in the context of random Hamiltonians / matrices)

=== time-reversal invariance: T = UrK (is antiunitary)
T MH(—K)T =+ #H(K)

" 0 no time reversal invariance
T 4 +1 time reversal invariance and T2 = 41
_ . . 2 _
-1 time reversal invariance and T-=11

complex conjugation
===  particle-hole symmetry (I ): C = UcK 45

CIH(-k)C = —H(k)

" 0 no particle-hole symmetry
C " +1 particle-hole symmetry and C? = +1
-1 particle-hole symmetryand C2 =1 1
In addition we can also consider the ?
. Osublattice symmetryO S| TC <

S : SH (k) + H(k)S =0 V?(A 11%

Note: SLS is often also called @hiral symmetryO



Ten-fold classibcation of topological

Ten-fold classibcation:

Insulators and superconductors

N classibes fully gapped topological materials in terms of non-spatial symmetries
(l.e., symmetries that act /ocally in space)

N non-spatial symmetries:

- time-reversal: TH(K)T' !
- particle-hole: CH(k)C'?
- sublattice: SH(k)S' 1
Symmetry

Class | T C S

. A |0 0 O

g Al [0 0 1

2 S Al |1 0 0

S5 BDI |1 1 1

S D |0 1 O

= DIl |-1 1 1

=

=3 Al -1 0 0

= cii |1 -1 1

™ C |0 -1 0

Cl |1 -1 1

+ H(! K);
IH (! k);
IH (k);

Sll

TP

Cll

>

ten symmetry
classes

OBott clockO

2
TA
Al

BDI

A Alll
Ag

D

Tai

)CZ

DIlI



Ten-fold classibcation of topological

Ten-fold classibcation:

Insulators and superconductors

N classibes fully gapped topological materials in terms of non-spatial symmetries
(l.e., symmetries that act /ocally in space)

N non-spatial symmetries:

- time-reversal: TH(K)T' !
- particle-hole: CH(k)C'?
- sublattice: SH(k)S' 1
Symmetry

Class | T C S

. A |0 0 O

g Al [0 0 1

2 S Al |1 0 0

S5 BDI |1 1 1

S D |0 1 O

= DIl |-1 1 1

=

=3 Al -1 0 0

= cii |1 -1 1

™ C |0 -1 0

Cl |1 -1 1

=+ H(' k); T*=+1
= IH (! k); 1
IH (K);

. ten symmetry
classes

S" TP

For which symmetry class and
dimension is there a topological
Insulator/superconductor?

?



Symmetries and Dirac Hamiltonians

Dirac Hamiltonian in spatial dimension ¢ : H(k) = Z kivi + myo E. =7 m2+

¥Gamma matrices -y, obey:  {v;,7v,;} = 2d;; i=0,1,...,d

¥TRS, PHS and chiral symmetry lead to the conditions:

Y0, 7] =0 {7Viz0, T} =0
{7,C} =0 [vi£0,C]=0

¥Topological phase transition as a function of mass term 111! g

{7i,5t =0

n=1 n=0

>
m < 0 - m >0

f? are there extra symmetry preserving mass terms M! ;1
= that connect the two phases without gap closing?

d
m? + M2 + > k¢

\

NQO: topologically non-trivial Y ES: topologically trivial

{!d+1,!i}:0 i:O,l,é,é.z EFL =4+




Symmetries and Dirac Hamiltonians

$d
Dirac Hamiltonian in spatial dimension  :  H(k) =» kivi+my  E. = +# m2+ ke
i—1 =1
¥Gapless surface states (interface states): Kg — I1lr 4
m<0 , m>0
H = 70<m]1 — Wo%z ) + Z kivi :
n=1 ! n=0
surface state ¢: Y0 Yq® = P : >

surface Hamiltonian: Hgys = ki P1:P
i=1

i=1

gapless surface spectrum:  EZ

surf
¥Presence of extra symmetry preserving mass term implies gapped surface states
N extra mass term projected onto surface is non-vanishing

MP!g4:1 P anti-commutes with P! ,P i=1,...,d! 1

—> gapped surface spectrum



Dirac Hamiltonian in symmetry class  Alll

¥Topological phase transition as a function of mass term 1! o

N1 N2

m < 0 - m >0

S=o, SH(k)+ H(K)S=0
¥ One-dimensional Dirac Hamiltonian with rank 2:
H(k) = k!l 3+ m! 5
N no extra symmetry preserving mass term exists

I class Alll in 1D is topologically non-trivial

- . . Alll _
N space of normalized mass matrices V3= r=2 = {12}



One-dimensional Dirac Hamiltonian in symmetry class
T H(—K)T =+ H(K) T? =1
*Dirac matrices with rank 2:
H(k) = kos T = 102K

N no symmetry-allowed mass term exists = impossible to localize
(! 1 and !, violate TRS)

N describes edge state of 2D topological insulator in class All

*Dirac matrices with rank 4:
H(k):k03®71—|—m00®73 T=15,!"9K

N extra symmetry preserving mass term:  M! 3! ",
—> class All in 1D is topologically trivial

N space of normalized mass matrices
VRl s ={M & |M?=1 =gt Rs: U(@2N)/Sp(N)
M=(m,M), X=('o! "3,13! ")

¥connectedness of space of normalized Dirac masses: ! 0(R3) =0

All



Two-dimensional Dirac Hamiltonian in symmetry class
T 1H(—K)T = + H(k) T2 =—-1

¥Dirac matrices withrank4: T =il ! "gK
H(k) m— klO'g 029 T -+ ]CQO'() =4 T —+ ™Mo %4 T3

N no symmetry-allowed mass term exists = topologically non-trivial

(' 1 X", 1o®" violate TRS)
¥ODoubledO Dirac Hamiltonian:

" H (k) 0

. w, v, A € {+1,—1}
0 I-q),ul/k(k)

Ha(k) =

A

/Hw/)\(k) — ,LLklO'g X 71 -+ VkQO'Q 0% ) —+ )\mO'() %4 T3
N extra Symmetry preserving mass terms:
eg. forpy=4+,! =4+," =4+#, 3% ®S;, # 1 H ® S

—> gapped surface spectrum
— class All in 2D has Z; classibcation

N space of normalized mass matrices: Ry = O(2N)/U(N) mo(R2)

All

Lo



Dirac Hamiltonian in symmetry class A

¥One-dimensional Dirac Hamiltonian with rank 2:

H(k): k!1+ m! 5 + lJ.'O
N extra symmetry preserving mass term: Mos

—> class Ain 1D is topologically trivial

N space of normalized mass matrices
Vdp;l,,,,:z = {mcosf +13sinfl0 <O <27} =5" Ci: U(N)
N connectedness of space of normalized Dirac masses: mo(C1) =0
¥ Two-dimensional Dirac Hamiltonian with rank 2:
H(k) = kxox + kyoy + moz + oo
N no extra mass term exists ! class Ain 2D is topologically non-trivial

N describes two-dimensional Chern insulator
¥ Two-dimensional OdoubledO Dirac Hamiltonian:
Ha(k) = H(k)! !y

N no extra gap opening mass term exists !  topologically non-trivial

| Indicates Z classibcatior



Homotopy classibcation of Dirac mass gaps

* The space of mass matrice¥y, - belongs to dilerent
classifying space<s, 4 (for Ocomplex classO) oRs 4 (for Oreal class(

N the relation between AZ symmetry class and classifying space is as follows:

classifying space NE) 1D AZ class 2D AZ class
Co UNo {UN)/[U(n) x UN —n)]} Z AIII A
C1 U(N) 0 A AIIT
Ro U0 {O(N)/[O(n) x O(N —n)]} Z BDI D
R1 O(N) 7 D DIII
Ro O(2N)/U(N) 2 DIII ATl
Rs U(N)/Sp(N) 0 ATl CII
Ra Un=o {Sp(N)/ [ p(n) x Sp(N —n)]} Z CIl C
Rs Sp(N) 0 C CI
Re Sp(2N)/U(N) 0 CI Al
R7 U(N)/O(N) 0 Al BDI

* The 0th homotopy group indexes the disconnected parts
of the space of normalized mass matrices

mo(V) =0 mo(V) = Zy (V) =17
ORNCICICR



Ten-fold classibcation of topological  Insulators and superconductors

Ten-fold classibcation:

N classibes fully gapped topological materials in terms of non-spatial symmetries
(l.e., symmetries that act /ocally in space)

N non-spatial symmetries:

- time-reversal: THK)T 1=+ H( k) T?2=+1
. ten symmetr
- particle-hole: CH((k)C't=1H (! K); C2=4+1 , cllesses y
- sublattice: SH(K)S' 1 = IH (k): S" TP
Chern insulator
Symmetr dim
Classy T g gl 1 2 / 7, . Integer classibcation
A 0 0 0lo0 7Z<0o 7Z.o- binary classibcation
. @ ( Al lo o 117z o 7 0 : no topological state
-k A 1000 0 _20 olyacetylene
g9 BDI |1 1 1| Z<0S 0 polyacety
Sk < D O 1 0|Zy Z O
o i DIl |-1 1 1|2 ZK 2D topological insulator w/ SOC
% S Al -1 0 0] 0 Z <«—S— 3D topological insulator w/ SOC
= Cll -1 -1 11 7Z 0 Zs
*{ ¢ |o 1 0|0 Z O
ClI 1 -1 1,0 O Z

Schnyder, Ryu, Furusaki, Ludwig, PRB (2008 ) A. Kitaev, AIP (2009 )



Ten-fold classibcation of topological

Ten-fold classibcation:

Insulators and superconductors

N classibes fully gapped topological materials in terms of non-spatial symmetries
(l.e., symmetries that act /ocally in space)

N non-spatial symmetries:

- time-reversal: THK)T 1=+ H( k) T?2=+1
. ten symmetr
- particle-hole: CH((k)C't=1H (! K); C2=4+1 , y y
| - classes
- sublattice: SH(k)S" = IH (k); s" TP
Symmetry dim _ _ :
Cass| T C S|l 1 2 3 7, . Integer classibcation
A 10 O olo 7 o 7Z.o- binary classibcation
. @ Al lo o 11z o 7 O : no topological state
2 éé Al [1 0 0[0 0 O
2 x BOI |1 1 1,2 O ‘% chiral p-wave superconductor (Sr2RuQs)
N B D |0 1 0|2 1z #*0 o
'c% i DIl |-1 1 1|Z 7o 7 <-S_ TR topological triplet SC (3He B)
= 8 All -1 0 0| 0 Zy Zs _
< E ci -1 1 117 o (;Zﬁ( chiral d-wave superconductor
* C |0 -1 0|0 =z
ClI 1 -1 1,0 O Z




Ten-fold classibcation of topological

Ten-fold classibcation:

Insulators and superconductors

N classibes fully gapped topological materials in terms of non-spatial symmetries
(l.e., symmetries that act /ocally in space)

N non-spatial symmetries:

- time-reversal: THK)T 1=+ H( k) T?=+1
- particle-hole: CH(k)C' ' =1H (! k); C2=+1  [CNSymmely
classes
- sublattice: SH(K)S' 1 = IH (k): S" TP
Symmetry Spatial Dimension d
Cass | T C S| 1 2 3 4 5 6 7 8 4adaa
., A |0 O 0|0 Z 0 zZ 0 zZ 0 2z aaa
_ 3 All |0 0O 1|zZ 0 Z 0O Z 0 Z 0 A4&aa
S ks Al |1 o o|l]O0O O O Z 0 Z, Z, Z &aa
S BDI |1 1 1|z O O O Z 0 Z, Z, &aa
N & D |0 1 0|Z, Z O O O Z 0 Z, &aéa
S = DIl -1 1 112, Z, Z 0O O O Z 0 4&aa
g S Al [-1 0 0/0 Z 2, Z 0 0 0 Z 4aa
< c ch |-1 -1 10z 0 2z, Z, Z 0O O O aaa
o c |0 -1 0|0 Z O Z, Z, Z 0 O 4&aa
ch |1 12 1/0 0 Z 0 Z, Z, Z 0 4aa




Ten-fold classibcation of topological  Insulators and superconductors

Ten-fold classibcation:

N classibes fully gapped topological materials in terms of non-spatial symmetries
(l.e., symmetries that act /ocally in space)

Symmetry Spatial Dimension d
Class | 1T C S| 1 2 3 4 5 6 7 8 aaa
o [ A 0O 0 0O|lO0O zZz 0O zZ 0 Z 0 2z A44é
_ 2 Al |lO 0 1|2zZ 0O zZ 0 Z 0 Z 0 &aa
g § Al |1 0 0|l]0 0O O Z 0 Z, Z, Z Aaaa
S X BDI |2 1 1,2z O O O zZz O0 2z, Z, &aa
S B < D O 1 0|zZ, Z 0O O O zZ 0 2z, 4&4a
T = DIt -1 1 1|2, Z, Z O O O Z 0 4aaa
S S Al |1 0 0|0 Z, Z, Z 0 0 0 Z 4&aa
< o ch |-1 -1 1|z 0 Z, Z, Z 0O O 0 aaa
*{ ¢ |o -1 0|0 Z 0 Z, Z Z 0 0 a&aa
Cl 1 -1 1|10 O zZz 0 2z, Z, Z 0 &aa
¥Topological invariants: Chern numbers and winding numbers
1 iF N\
Chn—H [F] (n + 1)' /Bzd2n+2 tr <27T>
1! o "7 %
Von +1 [q]: ( 1) n: I_ 6!1!2aaf)r $q' 18!1Qéq! 18!2qéééd2n+lk

(2!’1 + 1)' 2’7T BZ



Extension I: Weak topological insulators and supercondutors

P strong topological insulators (superconductors):
not destroyed by positional disorder

P weak topological insulators (superconductors):
only possess topological features
when translational symmetry is present

=== \\/eak topological insulators (superconductors)

are topologically equivalent to parallel stacks of lower-
dimensional strong topological insulator (SCs).

co-dimension k=2

co-dimension k=1
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cf. Kitaev, AIP Conf Proc. 1134, 22 (2009)

Symmetry Dimension
AZ T C S 1 2 3 4
A 0 0 0 O Z 0 Z
Alll | 0 0 1 Z 0 Z O
Al 1 0 0 O 0 0 Z
BDI| 1 1 1 Z 0 0 O
D 0 1 0| 24 Z 0 O
DIl | -1 1 1 | 2o Z, Z O
All | -1 0 0 0 2Z, 2Z, Z
ci| -1 -1 1 Z 0 2Z, 2
C 0 -1 0 O Z 0 2%
Cl 1 -1 1 O 0 Z O

=== (|-dim.weak topological insulators (SCs)

of co-dimension k can occur whenever there
exists a strong topological state in same
symmetry class but in (d-k) dimensions.

d

top. invariants

O<k! d



Extension Il: Zero mode localized on topological defect

Protected zero modes can also occur
at topological defects in D-dim systems

P Point defect (r=0): Hedgehog (D=3),
vortex (D=2), domain wall (D=1)

\

\,/ s
\\J//r/ .

AN T
! \ A

\

P Line defect (r=1):
dislocation line (D=3)
domain wall (D=2)

R4

P Two-dim defects (r=2): domain wall (D=3)

Freedman, et. al., PRB (2010)
Teo & Kane, PRB (2010)

Ryu, et al. NJP (2010)

Symmetry Dimension
AZ T C S 1 2 3 4
A 0 0 0 O Z 0 Z
Alll | 0 0 1 Z 0 Z O
Al 1 0 0 O 0 0 Z
BDI| 1 1 1 Z 0 0 O
D 0 1 0| 24 Z 0 O
DIl | -1 1 1 | 2o Z, Z O
All | -1 0 0 0 2Z, 2Z, Z
ci| -1 -1 1 Z 0 2Z, 2
C 0 -1 0 O Z 0 2%
Cl 1 -1 1 O 0 Z O

Can an r-dimensional topological defect of a
given symmetry class bind gapless states or
not?

=il |00k at column d=(r+1)
(answer does not depend on D!)

line defect in#class A:

n= Tr[F A F]

1
8" 2 T3xS1

(second Chern no = no of zero modes)



