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Lecture Four: Classification schemes

1. Topological superconductors
 

- Topological superconductors w/ TRS in 2D 
- Topological superconductors w/ TRS in 3D

2. Symmetries & ten-fold classification
 

- Symmetry classes of ten-fold way
- Dirac Hamiltonians and Dirac mass gaps 
- Periodic table of topological insulators and superconductors 



Helical superconductors
(w/ time-reversal symmetry)

TRI topological SC



Time-reversal-invariant topological superconductor

Superconducting pairing with spin: Cooper pair
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2D time-reversal-invariant topological superconductor

Square lattice BdG Hamiltonian in the presence of time-reversal symmetry:

Simplest model:
(spinless chiral p-wave SC)2

dz(k) = 0�(k) = 2t(cos k
x

+ cos k
y

)� µ d
x

(k) = sin k
x

dy(k) = sin ky

TRS:

PHS:

(chiral symmetry)

 Combination of time-reversal and particle-hole symmetry:

             can be brought into block-off diagonal form: 
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Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (1)

∆(k) = (∆sσ0 + dk · σ) iσy (2)
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The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions
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We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:
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2D time-reversal-invariant topological superconductor

Z2 topological invariant:

D(k) = (i�y) {⇥k�0 + i�t[dk · ⇤�]}where:eHBdG(k) =
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D†(k) 0

◆

 The eigenfunctions of              are: 
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we have

kx ky π/a − π/a (1)

majoranas

γ1 = ψ + ψ† (2)

γ2 = −i
(

ψ − ψ†
)

(3)

and

ψ = γ1 + iγ2 (4)

ψ† = γ1 − iγ2 (5)

and

γ2
i = 1 (6)

{γi, γj} = 2δij (7)

mean field

γ†
E=0 = γE=0 (8)

⇒ γ†
k,E = γ−k,−E (9)

Ξ ψ+k,+E = τxψ
∗
−k,−E (10)

Ξ2 = +1 Ξ = τxK (11)

τx =

(

0 1
1 0

)

(12)

c†c c†c ⇒ ⟨c†c†⟩c c = ∆∗c c (13)

weak vs strong

|µ| < 4t (14)

n = 1 (15)

Lattice BdG Hamiltonian

m̂(k) =
m(k)

|m(k)|
m̂(k) : m̂(k) ∈ S2 π2(S

2) = (16)

HBdG = (2t [cos kx + cos ky] − µ) τz + ∆0 (τx sin kx + τy sin ky) = m(k) · τ (17)

mx my mz (18)
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and time-reversal symmetry

Θ = e+iπSy/!K Θ2 = −1 2e2/h Λi Λ1 Λ2 Λ3 Λ4 (1)

E0 ky (2)

2γC = solid angle swept out by d̂(k) (3)

H(k) = d(k) · σ d̂ (4)

n =
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Fd2k (5)

|u(k)⟩ → eiφk |u(k)⟩ (6)
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F = ∇k ×A (8)
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A · dk (9)
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∫

S

Fd2k (10)

=⇒ (11)

Bloch theorem

[T (R), H ] = 0 k |ψn⟩ = eikr |un(k)⟩ (12)

(13)

H(k) = e−ikrHe+ikr (14)

(15)

H(k) |un(k)⟩ = En(k) |un(k)⟩ (16)

we have

H(k) kx ky π/a − π/a k ∈ Brillouin Zone (17)

majoranas

γ1 = ψ + ψ† (18)

γ2 = −i
(

ψ − ψ†
)

(19)

and

ψ = γ1 + iγ2 (20)

ψ† = γ1 − iγ2 (21)
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✓
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◆

 TRS acts on           as follows: q(k) q(k) = �qT (�k)

Q(k)

2

Hence, the eigenfunctions (χ±
a , η±

a ) can be obtained from
the eigenvectors of DD† or D†D

DD†ua = λ2
aua, D†Dva = λ2

ava. (B3)

The eigenvectors ua, va are taken to be normalized to
one, i.e., u†

aua = v†ava = 1, for all a (here, the index a is
not summed over). The eigenstates of D†D follow from
the eigenstates of DD† via

va = NaD†ua, (B4)

with the normalization factor Na. Using Eq. (B3) one
can check that va is indeed an eigenvector of D†D,

D†Dva = D†D(NaD†ua) = Naλ2
aD†ua = λ2

ava, (B5)

for all a. The normalization factor Na is given by

u†
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au†
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λa
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In other words, the off-diagonal block of Q(k) reads

q(k) =
∑

a
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λa(k)
ua(k)u†

a(k)D(k), (B10)

where ua(k) denotes the eigenvectors of DD†. For a sys-
tem with completely degenerate bands, λa = λ, for all a,
the above formula simplifies to
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1
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Examples of topological insulators and superconductors
with completely degenerate bands are the Dirac repre-
sentatives of Ref. [5].

The integer-valued topological invariant characterizing
topological superconductors is now simply given by the
winding number of q(k). It can be defined in any odd
spatial dimension. In three dimensions we have
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Alternatively, it is also possible to define the winding
number in terms of the unflattened off-diagonal block
D(k) of the Hamiltonian. For example, for the winding
number in one spatial dimension this reads
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Appendix C: Z2 Invariant for Symmetry Class DIII

In this section we compute the Z2 topological invariant
for symmetry class DIII in d = 1 and d = 2 spatial dimen-
sions. It is most convenient to perform this derivation
in the basis (A8), in which the 4N × 4N Bogoliubov-de
Gennes Hamiltonian takes the form
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the eigenstates of DD† via

va = NaD†ua, (B4)

with the normalization factor Na. Using Eq. (B3) one
can check that va is indeed an eigenvector of D†D,

D†Dva = D†D(NaD†ua) = Naλ2
aD†ua = λ2

ava, (B5)

for all a. The normalization factor Na is given by

u†
aDD†ua = λ2

au†
aua = λ2

a ⇒ Na =
1

λa
, (B6)

for all a. It follows that the eigenfunctions of H̃(k) are
(

χ±
a

η±
a

)

=
1√
2

(

ua

±va

)

=
1√
2

(

ua

±D†ua/λa

)

. (B7)

With this, the projector P (k) onto the filled Bloch states
becomes

P =
1

2

∑

a

(

ua

−va

)

(

u†
a −v†a

)

(B8)

=
1

2

(

2N 0
0 2N

)

− 1

2

∑

a

(

0 uav†a
vau†

a 0

)

.

Finally, we obtain for the flat band Hamiltonian Q, which
is defined as Q = 4N − 2P [3],

Q =
∑

a

(

0 uav†a
vau†

a 0

)

=
∑

a

(

0 uau†
a

D
λa

D†

λa

uau†
a 0

)

.

(B9)

In other words, the off-diagonal block of Q(k) reads

q(k) =
∑

a

1

λa(k)
ua(k)u†

a(k)D(k), (B10)

where ua(k) denotes the eigenvectors of DD†. For a sys-
tem with completely degenerate bands, λa = λ, for all a,
the above formula simplifies to

q(k) =
1

λ(k)

∑

a

ua(k)u†
a(k)D(k) =

1

λ(k)
D(k).(B11)

Examples of topological insulators and superconductors
with completely degenerate bands are the Dirac repre-
sentatives of Ref. [5].

The integer-valued topological invariant characterizing
topological superconductors is now simply given by the
winding number of q(k). It can be defined in any odd
spatial dimension. In three dimensions we have

ν3 =

∫

BZ

d3k

24π2
εµνρTr

[

(q−1∂µq)(q−1∂νq)(q−1∂ρq)
]

,

(B12)

and in one spatial dimension it reads

ν1 =
1

2πi

∫

BZ
dk Tr

[

q−1∂kq
]

. (B13)

Alternatively, it is also possible to define the winding
number in terms of the unflattened off-diagonal block
D(k) of the Hamiltonian. For example, for the winding
number in one spatial dimension this reads

ν1 =
1

4πi

∫

BZ
dk Tr

[

D−1∂kD − {D†}−1∂kD†
]

=
1

2π
Im

∫

BZ
dk Tr [∂k lnD] . (B14)

Appendix C: Z2 Invariant for Symmetry Class DIII

In this section we compute the Z2 topological invariant
for symmetry class DIII in d = 1 and d = 2 spatial dimen-
sions. It is most convenient to perform this derivation
in the basis (A8), in which the 4N × 4N Bogoliubov-de
Gennes Hamiltonian takes the form

H(k) =

(

0 D(k)
D†(k) 0

)

, D(k) = −DT (−k). (C1)

In this representation, the time-reversal symmetry oper-
ator is given by T = KUT = K iσ2 ⊗ 2N and the flat
band Hamiltonian reads

Q(k) =

(

0 q(k)
q†(k) 0

)

, q(k) = −qT (−k). (C2)

The presence of time-reversal symmetry allows us to de-
fine the Kane-Mele Z2 invariant [5, 31, 32, 33, 34, 35],

W =
∏

K

Pf [w(K)]
√

det [w(K)]
, (C3)

with K a time-reversal invariant momentum and Pf the
Pfaffian of an anti-symmetric matrix. Here, w(k) denotes
the “sewing matrix”

wab(k) = ⟨u+
a (−k)|T u+

b (k)⟩, (C4)

where a, b = 1, . . . , 2N and u±
a (k) is the a-th eigenvector

of Q(k) with eigenvalue ±1. The Pfaffian is an analog
of the determinant that can be defined only for 2n × 2n
anti-symmetric matrices A. It is given in terms of a sum
over all elements of the permutation group S2n

Pf(A) =
1

2nn!

∑

σ∈S2n

sgn(σ)
n

∏

i=1

Aσ(2i−1),σ(2i).

Due to the block off-diagonal structure of Eq. (C2) a
set of eigen Bloch functions of Q(k) can be constructed
as [5]

|u±
a (k)⟩N =

1√
2

(

na

±q†(k)na

)

, (C5)

Projector onto filled Bloch bands

sewing matrix



2D time-reversal-invariant topological superconductor
Effective low-energy 
continuum theory: 
(expand around             )

HBdG(k) =

✓
⇥(k)�0 �t[d(k) · ⇤�](i�y)

�t(�i�y)[d(k) · ⇤�] �⇥(k)�0

◆

d
x

(k) = k
x

dy(k) = ky dz(k) = 0

k = 0

�(k) = �tk2 + 4t� µ

—protected by TRS and PHS

— possible condensed matter realization: 
thin film of CePt3Si?

By analogy to chiral p-wave SC: 
two counter-propagating Majorana edge modes

(for |µ| < 4t)

Z2 topological invariant :

Bulk-boundary correspondence:

Energy spectrum: E± = ±�(k) = ±
q
⇥2(k) +�

t

(k2
x

+ k2
y

)

(�1)⌫ = �sgn(4t� µ)sgn(t)

trivial super-
conductor

TRI topological 
superconductorµ > 4t : µ < 4t :

TRIM: k = 0, k = +1

helical Majorana edge states:

TRI topological SC

We recognise the Dirac Cone centered around zero momentum and addition-
ally a bound state between the peaks located at kz = 1 and kz = 2. It is not
clear though, if these are di�erent states or if its the same one. That these are
di�erent states can be judged by looking at the spin resolved SDOS

23

En
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homotopy

ν = # kx (1)

∆±
k

= ∆s ± ∆t |dk| (2)

∆s > ∆t ∆s ∼ ∆t ν = ±1 for ∆t > ∆s (3)

and

π3[U(2)] = q(k) :∈ U(2) (4)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (5)

∆(k) = (∆sσ0 + ∆tdk · σ) iσy (6)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(7)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(8)

+ λ cos ky

(

c†nky↓cnky↑ + c†nky↑cnky↓

)

(9)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (10)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (11)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(12)

a (13)

ξ±
k

= εk ± α |gk|(14)



3D time-reversal-invariant topological superconductor

Cubic lattice BdG Hamiltonian in the presence of time-reversal symmetry:
equivalent to B phase of 3He

HBdG(k) =

✓
⇥(k)�0 �t[d(k) · ⇤�](i�y)

�t(�i�y)[d(k) · ⇤�] �⇥(k)�0

◆

USHBdG(k) +HBdG(k)US = 0

"(k) = 2t(cos k
x

+ cos k
y

+ cos k
z

)� µ

d
x

(k) = sin k
x

d
y

(k) = sin k
y

d
z

(k) = sin k
z

Chiral symmetry (TRS x PHS):

Periodic Table of Topological Insulators and Superconductors
Anti-Unitary Symmetries :

- Time Reversal :   

- Particle - Hole  :

Unitary (chiral) symmetry :  

1( ) ( ) 12 ;    H H�� � � � � � � �k k

1( ) ( ) 12 ;   H H�� � � � � � � �k k

1( ) ( )H H�� � � � ����k k  ;   

Real
K-theory

Complex
K-theory

Bott Periodicity d����

Altland-
Zirnbauer
Random 
Matrix
Classes

Kitaev, 2008
Schnyder, Ryu, Furusaki, Ludwig 2008

8 antiunitary symmetry classes

             can be brought into block-off diagonal form: 
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Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (1)

∆(k) = (∆sσ0 + dk · σ) iσy (2)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ

Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(3)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(4)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(5)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (6)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (7)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(8)

a (9)

ξ±
k

= εk ± α |gk|(10)

and

f(k) = 1 (11)

B

n ∈ (12)

f(k) = 1 (13)

Wk∥
=

1

2πi

∫

dk⊥Tr
[

q−1∂k⊥
q
]

= ±1 (14)

D(k) = (i�y) {⇥k�0 + i�t[dk · ⇤�]}

 TRS acts on           as follows: 

(transform to basis in which S is diagonal)

eHBdG(k) =

✓
0 D(k)

D†(k) 0

◆

D(k) DT (�k) = �D(k)

TRS

PHS

THBdG(k)T
�1 = +HBdG(�k)

CHBdG(k)C
�1 = �HBdG(�k)

T = i�y ⌦ ⌧0K T 2 = �1

C = �0 ⌦ ⌧
x

K C2 = +1

9
=

; class DIII



Lattice BdG Hamiltonian:

  Off-diagonal block:

Brillouin zone
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1 frist chapter

Ξ HBdG(k) Ξ−1 = −HBdG(−k) "−→ (1)

∆n

Chern number g = 0, g = 1

n =
∑

bands

i

2π

∫

Fdk2 (2)

γC =

∮

C

A · dk (3)

First Chern number n = 0

n =
∑

bands

i

2π

∫

dk2

[〈

∂u

∂k1

∣

∣

∣

∣

∂u

∂k2

〉

−
〈

∂u

∂k2

∣

∣

∣

∣

∂u

∂k1

〉]

(4)

H(k) :

H(k, k′)

kF > 1/ξ0

sgn(∆+
K) = − sgn(∆−

K) and lk antiparallel to lek

sgn(∆+
k ) = − sgn(∆−

k )

σxy = ne2

h

ρxy = 1
n

h
e2

n ∈

Jy = σxyEx

Symmetry Operations: Egap = !ωc

ΘH(k)Θ−1 = +H(−k); Θ2 = ±1 (5)

ΞH(k)Ξ−1 = −H(−k); Ξ2 = ±1 (6)

ΠH(k)Π−1 = −H(k); Π ∝ ΘΞ (7)

Θ2 Ξ2 Π2 (8)

Mapping 

I. INTRODUCTION

In other words, the off-diagonal block of Q(k) reads

q(k) =
∑

a

1

λa(k)
ua(k)u†

a(k)D(k), (1.1)

where ua(k) denotes the eigenvectors of DD†.

now, we have

H̃(k) =

⎛

⎝

0 D(k)

D†(k) 0

⎞

⎠ , (1.2)

off-diagonal block with the off-diagonal block

D(k) = (εk + i∆s)σ0 + (α + i∆t) lk · σ (1.3)

and where we have introduced the short-hand notation

A = α + i∆t, Bk = εk + i∆s. (1.4)

d-wave SC

H(k) =

⎛

⎝

+εk ∆k

∆k −εk

⎞

⎠ , H̃(k) =

⎛

⎝

0 εk − i∆k

εk + i∆k 0

⎞

⎠ (1.5)

d d′ p (1.6)

Tetrahedral point-group Td

Shift property:

K (s, d + 1) = K (s − 1, d) (1.7)

K (s, d) = , (1.8)

l⃗(k) = g1

[

k̂x(k̂
2
y − k̂2

z)x̂ + k̂y(k̂
2
z − k̂2

x)ŷ + k̂z(k̂
2
x − k̂2

y)ẑ
]

(1.9)

1

         : eigenvectors of 

I. INTRODUCTION

In other words, the off-diagonal block of Q(k) reads

q(k) =
∑

a

1

λa(k)
ua(k)u†

a(k)D(k), (1.1)

where ua(k) denotes the eigenvectors of DD†.

now, we have

H̃(k) =

⎛

⎝

0 D(k)

D†(k) 0

⎞

⎠ , (1.2)

off-diagonal block with the off-diagonal block

D(k) = (εk + i∆s)σ0 + (α + i∆t) lk · σ (1.3)

and where we have introduced the short-hand notation

A = α + i∆t, Bk = εk + i∆s. (1.4)

d-wave SC

H(k) =

⎛

⎝

+εk ∆k

∆k −εk

⎞

⎠ , H̃(k) =

⎛

⎝

0 εk − i∆k

εk + i∆k 0

⎞

⎠ (1.5)

d d′ p (1.6)

Tetrahedral point-group Td

Shift property:

K (s, d + 1) = K (s − 1, d) (1.7)

K (s, d) = , (1.8)

l⃗(k) = g1

[

k̂x(k̂
2
y − k̂2

z)x̂ + k̂y(k̂
2
z − k̂2

x)ŷ + k̂z(k̂
2
x − k̂2

y)ẑ
]

(1.9)

1
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homotopy

q(k) ∈ U(2) (1)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (2)

∆(k) = (∆sσ0 + dk · σ) iσy (3)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(4)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(5)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(6)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (7)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (8)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(9)

a (10)

ξ±
k

= εk ± α |gk|(11)

and

f(k) = 1 (12)

 Spectrum flattening:

Brillouin zone
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1 frist chapter

Ξ HBdG(k) Ξ−1 = −HBdG(−k) "−→ (1)

∆n

Chern number g = 0, g = 1

n =
∑

bands

i

2π

∫

Fdk2 (2)

γC =

∮

C

A · dk (3)

First Chern number n = 0

n =
∑

bands

i

2π

∫

dk2

[〈

∂u

∂k1

∣

∣

∣

∣

∂u

∂k2

〉

−
〈

∂u

∂k2

∣

∣

∣

∣

∂u

∂k1

〉]

(4)

H(k) :

H(k, k′)

kF > 1/ξ0

sgn(∆+
K) = − sgn(∆−

K) and lk antiparallel to lek

sgn(∆+
k ) = − sgn(∆−

k )

σxy = ne2

h

ρxy = 1
n

h
e2

n ∈

Jy = σxyEx

Symmetry Operations: Egap = !ωc

ΘH(k)Θ−1 = +H(−k); Θ2 = ±1 (5)

ΞH(k)Ξ−1 = −H(−k); Ξ2 = ±1 (6)

ΠH(k)Π−1 = −H(k); Π ∝ ΘΞ (7)

Θ2 Ξ2 Π2 (8)
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homotopy

q(k) :∈ U(2) (1)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (2)

∆(k) = (∆sσ0 + dk · σ) iσy (3)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(4)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(5)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(6)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (7)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (8)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(9)

a (10)

ξ±
k

= εk ± α |gk|(11)

and

f(k) = 1 (12)

Mapping 
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homotopy

π3[U(2)] = q(k) :∈ U(2) (1)

Lattice BdG HBdG

h(k) = εkσ0 + αgk · σ (2)

∆(k) = (∆sσ0 + dk · σ) iσy (3)

hex Iy ≃
e

!

∫ kF,−

kF,+

dky

2π
sgn

[

∑

µ

Hµ
exρ

µ
1 (0, ky)

]

(

− t sin ky + λ
Lx/2
∑

n=1

ρx
n(0, ky) cos ky

)

.(4)

and

jn,ky = −t sin ky

(

c†nky↑
cnky↑ + c†nky↓

cnky↓

)

(5)

+ λ cos ky

(

c†nky↓
cnky↑ + c†nky↑

cnky↓

)

(6)

The contribution j(1)
n,ky

corresponds to nearest-neighbor hopping, whereas j(2)
n,ky

is due to
SOC. We calculate the expectation value of the edge current at zero temperature from
the spectrum El,ky and the wavefunctions

∣

∣ψl,ky

〉

of H(10)
ky

,

Iy = −
e

!

1

Ny

∑

ky

Lx/2
∑

n=1

∑

l,El<0

⟨ψl,ky |jn,ky
|ψl,ky⟩ (7)

We observe that the current operators presence of the superconducting gaps or the edge;
these only enter through the eigenstates |ψl,ky⟩.

Momentum dependent topological number:

∝
3

∑

µ=1

Hµ
exρ

µ
1 (E, ky) ρx

1 (8)

NQPI(ω, q) = −
1

π
Im

[

∑

k

G0(k, ω)T (ω)G0(k + q, ω)

]

∝
〈

S⃗f

∣

∣

∣
T (ω)

∣

∣

∣
S⃗i

〉

(9)

a (10)

ξ±
k

= εk ± α |gk|(11)

and

f(k) = 1 (12)

�2[U(2)] = 0

q(k) = �qT (�k)TRS:

D(k)D(k) : TRS: D(k) = �DT (k)

3D time-reversal-invariant topological superconductor

eHBdG(k) =

✓
0 D(k)

D†(k) 0

◆

D(k) = (i�y) {⇥k�0 + i�t[dk · ⇤�]}

     classified by winding number: W =
1

24�2

Z

BZ
d3k ⇥µ�⇥ Tr

⇥
(q�1⇤µq)(q

�1⇤�q)(q
�1⇤⇥q)

⇤

Kramers-degenerate Majorana states

 Bulk-boundary correspondence:

=)

|W | = #

Possible condensed matter realization: 
         CePt3Si, Li2Pt3B, CeRhSi3, CeIrSi3, etc.

q(k) =
X

a

1

�a(k)
ua(k)u

†
a(k)D(k)



Classification schemes

Symmetry dim
Class T P S 1 2 3
A 0 0 0 0 Z 0
AIII 0 0 1 Z 0 Z
AI 1 0 0 0 0 0
BDI 1 1 1 Z 0 0
D 0 1 0 Z2 Z 0
DIII -1 1 1 Z2 Z2 Z
AII -1 0 0 0 Z2 Z2

CII -1 -1 1 Z 0 Z2

C 0 -1 0 0 Z 0
CI 1 -1 1 0 0 Z

Table 1: Periodic table of topological insulators and superconductors. The ten symmetry classes
are defined in terms of the presence or absence of time-reversal symmetry (T ), particle-hole sym-
metry (C), and chiral symmetry (S). The presence and absence of symmetries is denoted by “±1”
and “0”, respectively, with “+1” or “-1” specifying whether the antiunitary operator implementing the
symmetry at the level of the single-particle Hamiltonian squares to “+1” or “-1”. The symbols Z
and Z2 indicate that the topologically distinct phases within a given symmetry class of topologi-
cal insulators (superconductors) are characterized by an integer invariant (Z), or a binary quantity
(Z2), respectively. The topological classifications show a regular pattern as a function of symmetry
class and spatial dimension.

2.2.1 Classification of topological insulators and superconductors

Together with Prof. Ludwig from UC Santa Barbara, Prof. Furusaki from RIKEN, and
Dr. Ryu from UC Berkeley, I have shown in 2008 that the notion of topological order
can be generalized to systems with different discrete symmetries than those discussed
in Sec. 2.1. Indeed, we found that there is a unified mathematical framework, which pro-
vides a complete and exhaustive classification of topologically ordered phases of gapped
free fermion systems in terms of discrete symmetries and spatial dimension [?, ?, ?]. A
summary of this classification scheme is presented in Table 1. The first column in this
table lists all possible “symmetry classes” of non-interacting single-particle Hamiltonians.
There are precisely ten distinct classes, which are identical to those discussed by Altland
and Zirnbauer in the context of random matrix theory [?,?]. The symmetry classes are
defined in terms of the presence or absence of time-reversal symmetry T = ±1, particle-
hole symmetry C = ±1, and the combined symmetry S = T � C, which is called “chiral”
symmetry. The result of this classification scheme is that in each spatial dimension there
exist precisely five distinct classes of topological insulators or superconductors, three of
which are characterized by an integer topological invariant (denoted by Z in Table 1),
while the remaining two possess a binary topological quantity (denoted by Z2). Since this
classification scheme shows a regular pattern as a function of symmetry class and spa-
tial dimension [?], it is is now commonly referred to as the “periodic table” of topological
insulators and superconductors.

The topologically ordered states discussed in Sec. 2.1 are all included in the periodic
table: The quantum Hall state belongs to class A (d = 2; no symmetry), the spin-orbit
induced topological insulators are members of class AII (d = 2, 3; T = �1), the spinless
px + ipy superconductor is in class D (d = 2; C = +1), and the B phase of 3He belongs
to class DIII (d = 3; T = �1, C = +1). However, by means of this classification scheme
we also predicted new topological phases of matter. That is, there are entries in the

7



Symmetry classes: “Ten-fold way”

gha

⎧

⎨

⎩

a b

c d
(1.8)

In these notes, we analyze the anisotropy in both the electronic raman response and in the

inelastic neutron scattering within a conventional fermiology picture. In particular, we investigate

the hypothesis that the observed anisotropies in the spin and charge response are caused by both a

subdominant s-wave component in the superconducting gap and an orthorhombicity in the normal

state band structure.

II. RAMAN SCATTERING

Electronic Raman scattering has proven to be a useful tool in exploring the superconducting

state of high-Tc cuprates. It measures the symmetry of the order parameter, and provides one

piece of evidence for the by now widely accepeted d-wave pairing symmetry. Conversely, insight

in the extent of subdominant admixtures of d-wave symmetry, for instance in the orthorhombic

YBa2Cu3O7, is less well established. Moreover, the effects of an orthorhombic band structure on

the electronic Raman scattering have never been studied from a theoretical point of view.

The differential cross section in a Raman scattering experiment (a two photon process) for a

momentum transfer which is small compared to the extension of the Brillouin zone is directly

proportional to the imaginary part of the Raman response function at q = 0. (Typically the light

used in a Raman experiment has a wave vector ∼ 5000A−1 which is very small compared to

the Fermi vector kF ∼ 0.5A−1 in a cuprate. Raman only probes excitations near the zone center

q = 0. The resolution of a Raman experiment is typically 0.5 meV.)

We start from the Hamiltonian for electrons in a crystal subject to an electromagnetic field

H =
∑

j

{

1

2m

(

pj −
e

c
A(rj, t)

)2

+ U(rj)

}

, (2.1)

where A(rj, t) is the vector potential of the optical fields acting on the jth electron and pj is the

electron’s momentum. In order to treat this Hamiltonian perturbatively in the vector potential A
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  0 no time reversal invariance
+1 time reversal invariance and       
 -1 time reversal invariance and       

  0 no particle-hole symmetry
+1 particle-hole symmetry and      
 -1 particle-hole symmetry and       

time-reversal invariance:

particle-hole symmetry (   ):

In addition we can also consider the 
“sublattice symmetry” 

(originally introduced in the context of random Hamiltonians / matrices)

complex conjugation

(is antiunitary)

Note: SLS is often also called “chiral symmetry”

S :

⌅

T = UTK

C = UCK

T 2 = +1
T 2 = �1

C2 = �1

C2 = +1

T�1H(�k)T = +H(k)

T :

S / TC

SH(k) +H(k)S = 0

C�1H(�k)C = �H(k)

C :



Ten-fold classification of topological insulators and superconductors 

Ten-fold classification:

“Bott clock”

— classifies fully gapped topological materials in terms of non-spatial symmetries
(i.e., symmetries that act locally in space)

— non-spatial symmetries:

- sublattice:

- time-reversal:
- particle-hole:

TH(k)T�1 = +H(�k); T 2 = ±1

SH(k)S�1 = �H(k); S / TP

Periodic Table of Topological Insulators and Superconductors
Anti-Unitary Symmetries :

-Time Reversal :   

-Particle -Hole  :

Unitary (chiral) symmetry :  

1 ()()1 2  ;    HH � �������� kk

1 ()()1 2  ;   HH � �������� kk

1 ()() HH � �������� kk ;   

Real
K-theory

Complex
K-theory

Bott Periodicity d����

Altland-
Zirnbauer
Random 
Matrix
Classes

Kitaev, 2008
Schnyder, Ryu, Furusaki, Ludwig 2008

8 antiunitary symmetry classes

ten symmetry
classes

Periodic Table of Topological Insulators and Superconductors
Anti-Unitary Symmetries :

- Time Reversal :   

- Particle - Hole  :

Unitary (chiral) symmetry :  

1( ) ( ) 12 ;    H H�� � � � � � � �k k

1( ) ( ) 12 ;   H H�� � � � � � � �k k

1( ) ( )H H�� � � � ����k k  ;   

Real
K-theory

Complex
K-theory

Bott Periodicity d����

Altland-
Zirnbauer
Random 
Matrix
Classes

Kitaev, 2008
Schnyder, Ryu, Furusaki, Ludwig 2008

8 antiunitary symmetry classes
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Symmetry dim
Class T P S 1 2 3
A 0 0 0 0 Z 0
AIII 0 0 1 Z 0 Z
AI 1 0 0 0 0 0
BDI 1 1 1 Z 0 0
D 0 1 0 Z2 Z 0
DIII -1 1 1 Z2 Z2 Z
AII -1 0 0 0 Z2 Z2

CII -1 -1 1 Z 0 Z2

C 0 -1 0 0 Z 0
CI 1 -1 1 0 0 Z

Table 1: Periodic table of topological insulators and superconductors. The ten symmetry classes
are defined in terms of the presence or absence of time-reversal symmetry (T ), particle-hole sym-
metry (C), and chiral symmetry (S). The presence and absence of symmetries is denoted by “±1”
and “0”, respectively, with “+1” or “-1” specifying whether the antiunitary operator implementing the
symmetry at the level of the single-particle Hamiltonian squares to “+1” or “-1”. The symbols Z
and Z2 indicate that the topologically distinct phases within a given symmetry class of topologi-
cal insulators (superconductors) are characterized by an integer invariant (Z), or a binary quantity
(Z2), respectively. The topological classifications show a regular pattern as a function of symmetry
class and spatial dimension.

2.2.1 Classification of topological insulators and superconductors

Together with Prof. Ludwig from UC Santa Barbara, Prof. Furusaki from RIKEN, and
Dr. Ryu from UC Berkeley, I have shown in 2008 that the notion of topological order
can be generalized to systems with different discrete symmetries than those discussed
in Sec. 2.1. Indeed, we found that there is a unified mathematical framework, which pro-
vides a complete and exhaustive classification of topologically ordered phases of gapped
free fermion systems in terms of discrete symmetries and spatial dimension [?, ?, ?]. A
summary of this classification scheme is presented in Table 1. The first column in this
table lists all possible “symmetry classes” of non-interacting single-particle Hamiltonians.
There are precisely ten distinct classes, which are identical to those discussed by Altland
and Zirnbauer in the context of random matrix theory [?,?]. The symmetry classes are
defined in terms of the presence or absence of time-reversal symmetry T = ±1, particle-
hole symmetry C = ±1, and the combined symmetry S = T � C, which is called “chiral”
symmetry. The result of this classification scheme is that in each spatial dimension there
exist precisely five distinct classes of topological insulators or superconductors, three of
which are characterized by an integer topological invariant (denoted by Z in Table 1),
while the remaining two possess a binary topological quantity (denoted by Z2). Since this
classification scheme shows a regular pattern as a function of symmetry class and spa-
tial dimension [?], it is is now commonly referred to as the “periodic table” of topological
insulators and superconductors.

The topologically ordered states discussed in Sec. 2.1 are all included in the periodic
table: The quantum Hall state belongs to class A (d = 2; no symmetry), the spin-orbit
induced topological insulators are members of class AII (d = 2, 3; T = �1), the spinless
px + ipy superconductor is in class D (d = 2; C = +1), and the B phase of 3He belongs
to class DIII (d = 3; T = �1, C = +1). However, by means of this classification scheme
we also predicted new topological phases of matter. That is, there are entries in the
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AII -1 0 0 0 Z2 Z2
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Table 1: Periodic table of topological insulators and superconductors. The ten symmetry classes
are defined in terms of the presence or absence of time-reversal symmetry (T ), particle-hole sym-
metry (C), and chiral symmetry (S). The presence and absence of symmetries is denoted by “±1”
and “0”, respectively, with “+1” or “-1” specifying whether the antiunitary operator implementing the
symmetry at the level of the single-particle Hamiltonian squares to “+1” or “-1”. The symbols Z
and Z2 indicate that the topologically distinct phases within a given symmetry class of topologi-
cal insulators (superconductors) are characterized by an integer invariant (Z), or a binary quantity
(Z2), respectively. The topological classifications show a regular pattern as a function of symmetry
class and spatial dimension.

2.2.1 Classification of topological insulators and superconductors

Together with Prof. Ludwig from UC Santa Barbara, Prof. Furusaki from RIKEN, and
Dr. Ryu from UC Berkeley, I have shown in 2008 that the notion of topological order
can be generalized to systems with different discrete symmetries than those discussed
in Sec. 2.1. Indeed, we found that there is a unified mathematical framework, which pro-
vides a complete and exhaustive classification of topologically ordered phases of gapped
free fermion systems in terms of discrete symmetries and spatial dimension [?, ?, ?]. A
summary of this classification scheme is presented in Table 1. The first column in this
table lists all possible “symmetry classes” of non-interacting single-particle Hamiltonians.
There are precisely ten distinct classes, which are identical to those discussed by Altland
and Zirnbauer in the context of random matrix theory [?,?]. The symmetry classes are
defined in terms of the presence or absence of time-reversal symmetry T = ±1, particle-
hole symmetry C = ±1, and the combined symmetry S = T � C, which is called “chiral”
symmetry. The result of this classification scheme is that in each spatial dimension there
exist precisely five distinct classes of topological insulators or superconductors, three of
which are characterized by an integer topological invariant (denoted by Z in Table 1),
while the remaining two possess a binary topological quantity (denoted by Z2). Since this
classification scheme shows a regular pattern as a function of symmetry class and spa-
tial dimension [?], it is is now commonly referred to as the “periodic table” of topological
insulators and superconductors.

The topologically ordered states discussed in Sec. 2.1 are all included in the periodic
table: The quantum Hall state belongs to class A (d = 2; no symmetry), the spin-orbit
induced topological insulators are members of class AII (d = 2, 3; T = �1), the spinless
px + ipy superconductor is in class D (d = 2; C = +1), and the B phase of 3He belongs
to class DIII (d = 3; T = �1, C = +1). However, by means of this classification scheme
we also predicted new topological phases of matter. That is, there are entries in the
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Symmetries and Dirac Hamiltonians
Dirac Hamiltonian in spatial dimension     :d H(k) =

dX

i=1

ki�i +m�0

• Gamma matrices       obey: �i

• TRS, PHS and chiral symmetry lead to the conditions:

?

{�i, �j} = 2�ij i = 0, 1, . . . , d

[�0, T ] = 0 {�i 6=0, T} = 0

{�0, C} = 0 [�i 6=0, C] = 0
{�i, S} = 0

• Topological phase transition as a function of mass term 

n=1 n=0

m�0

m < 0 m > 0

are there extra symmetry preserving mass terms 
that connect the two phases without gap closing?

M�d+1

NO: YES:
{�d+1, �i} = 0 i = 0, 1, · · · 2

E± = ±

vuutm2 +
dX

i=1

kdi

E± = ±

vuutm2 +M2 +
dX

i=1

kdi

topologically trivialtopologically non-trivial



Symmetries and Dirac Hamiltonians
Dirac Hamiltonian in spatial dimension     :d H(k) =

dX

i=1

ki�i +m�0 E± = ±

vuutm2 +
dX

i=1

kdi

• Gapless surface states (interface states): 

• Presence of extra symmetry preserving mass term implies gapped surface states

n=1 n=0

rd < 0 rd > 0

kd ! i@/@rd

H = �

✓
emI� i�0�d

@

@rd

◆
+

d�1X

i=1

ki�i

surface state    :

surface Hamiltonian:

� i�0�d� = ±�

Hsurf =
d�1X

i=1

ki P�iP
P = (I� i�0�d) /2

MP�d+1P

gapless surface spectrum:

— extra mass term projected onto surface is non-vanishing

gapped surface spectrum

E±
surf = ±

vuut
d�1X

i=1

k2i

anti-commutes with 

=)

P�iP i = 1, . . . , d� 1

m < 0 m > 0
0



Dirac Hamiltonian in symmetry class AIII

• One-dimensional Dirac Hamiltonian with rank 2:
S = �1 SH(k) +H(k)S = 0

H(k) = k�3 +m�2

— no extra symmetry preserving mass term exists
)         class AIII in 1D is topologically non-trivial   

V AIII
d=1,r=2 = {±�2}— space of normalized mass matrices

• Topological phase transition as a function of mass term 

n1 n2

m�0

m < 0 m > 0



One-dimensional Dirac Hamiltonian in symmetry class AII

✴Dirac matrices with rank 2:

✴Dirac matrices with rank 4:

T�1H(�k)T = +H(k)

T = i�2K

T 2 = �1

— no symmetry-allowed mass term exists       impossible to localize     )

— describes edge state of 2D topological insulator in class AII  

• connectedness of space of normalized Dirac masses: 

H(k) = k�3 ⌦ ⌧1 +m�0 ⌦ ⌧3

— extra symmetry preserving mass term: 

T = i�2 ⌦ ⌧0K

M�3 ⌦ ⌧2

class AII in 1D is topologically trivial=)

— space of normalized mass matrices

H(k) = k�3

(�1 and �2 violate TRS)

V AII
d=1,r=4 = {M ·X| M2 = 1

 
= S1

M = (m,M), X = (�0 ⌦ ⌧3,�3 ⌦ ⌧2)

R3 : U(2N)/Sp(N)

⇡0(R3) = 0



Two-dimensional Dirac Hamiltonian in symmetry class AII

• Dirac matrices with rank 4:

T�1H(�k)T = +H(k) T 2 = �1

T = i�2 ⌦ ⌧0K

• “Doubled” Dirac Hamiltonian:

H(k) = k1�3 ⌦ ⌧1 + k2�0 ⌦ ⌧2 +m�0 ⌦ ⌧3

— no symmetry-allowed mass term exists       topologically non-trivial)

class AII in 2D has Z2 classification=)

(�1 ⌦ ⌧1, �2 ⌦ ⌧1 violate TRS)

— extra symmetry preserving mass terms: 
e.g. for µ = +, ⌫ = +, � = +: �2 ⌦ ⌧1 ⌦ s1, �1 ⌦ ⌧2 ⌦ s2

H2(k) =

✓H(k) 0
0 Ĥµ⌫�(k)

◆

Ĥµ⌫�(k) = µk1�3 ⌦ ⌧1 + ⌫k2�0 ⌦ ⌧2 + �m�0 ⌦ ⌧3

µ, ⌫,� 2 {+1,�1}

gapped surface spectrum=)

— space of normalized mass matrices: R2 = O(2N)/U(N) ⇡0(R2) = Z2



Dirac Hamiltonian in symmetry class A

• Two-dimensional Dirac Hamiltonian with rank 2:

• Two-dimensional “doubled” Dirac Hamiltonian:

— no extra mass term exists         class A in 2D is topologically non-trivial   
— describes two-dimensional Chern insulator  

)
H(k) = k

x

�
x

+ k
y

�
y

+m�
z

+ µ�0

H2(k) = H(k)⌦ ⌧0

— no extra gap opening mass term exists          topologically non-trivial   )
) indicates Z classification

• One-dimensional Dirac Hamiltonian with rank 2:

— extra symmetry preserving mass term: 

class A in 1D is topologically trivial=)
— space of normalized mass matrices

H(k) = k�1 +m�2 + µ�0

M�3

V A
d=1,r=2 = {⌧2 cos ✓ + ⌧3 sin ✓|0  ✓ < 2⇡} = S1 C1 : U(N)

— connectedness of space of normalized Dirac masses: ⇡0(C1) = 0



Homotopy classification of Dirac mass gaps

— the relation between AZ symmetry class and classifying space is as follows:

✴ The space of mass matrices V s
d,r=N belongs to di↵erent

classifying spaces Cs�d (for “complex class”) or Rs�d (for “real class”)

✴ 
The 0th homotopy group indexes the disconnected parts

of the space of normalized mass matrices

⇡0(V ) = 0 ⇡0(V ) = Z⇡0(V ) = Z2

Path connectedness of the normalized Dirac masses

Case (a): ⇡0(V ) = {0} Trivial phase

Case (b): ⇡0(V ) = Z

..... .....

..... .....

NEven

Odd N

ν=+1ν=0ν=−1

ν=−1/2 ν=+1/2

Case (c): ⇡0(V ) = Z2 ν=0 ν=1

C. Mudry (PSI) Interactions in Topological Matter 76 / 108
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classifying space ⇡0(⇤) 1D AZ class 2D AZ class

C0 [N

n=0{U(N)/[U(n)⇥ U(N � n)]} Z AIII A

C1 U(N) 0 A AIII

R0 [N

n=0{O(N)/[O(n)⇥O(N � n)]} Z BDI D

R1 O(N) Z2 D DIII

R2 O(2N)/U(N) Z2 DIII AII

R3 U(N)/Sp(N) 0 AII CII

R4 [N

n=0{Sp(N)/[Sp(n)⇥ Sp(N � n)]} Z CII C

R5 Sp(N) 0 C CI

R6 Sp(2N)/U(N) 0 CI AI

R7 U(N)/O(N) 0 AI BDI

TABLE IV Classifying spaces for complex (C
p

) and real (R
p

) Altland-Zirnbauer classes.

language of K-theory similar to the ones we have dis-
cussed previously (Teo and Kane, 2010b). For a fixed
AZ symmetry class and dimensions (d, D), the collection
of defect Hamiltonians forms a commutative monoid –
an associative additive structure with an identity – from
direct sum

H
1

� H
2

=

 
H

1

0

0 H
2

!
(3.85)

where direct sums of symmetries T
1

�T
2

, C
1

�C
2

are de-
fined similarly. Clearly H

1

�H
2

has the same symmetries
and dimensions as its constituents. The identity element
is the 0 ⇥ 0 empty Hamiltonian H = ;. Physically the
direct sum operation put the two systems on top of each
other without letting them couple to each other.

Similar to an ordinary K-theory, this monoid can be
promoted to a group by introducing topological equiva-
lence and applying the Grothendieck construction, which
will be explained below. Two defect Hamiltonians
H

1

(k, r) and H
2

(k, r) with the same symmetries and di-
mensions are stably topologically equivalent

H
1

(k, r) ' H
2

(k, r) (3.86)

if H
1

(k, r) � (�
3

⌦ 11M ) can be continuously deformed
into H

2

(k, r) � (�
3

⌦ 11N ) without closing the energy gap
or breaking symmetries, where �

3

⌦ 11M is some trivial
atomic 2M Hamiltonian that does not depend on k and
r.

Stable topological equivalence defines equivalent
classes of defect Hamiltonians

[H] = {H 0 : H 0 ' H} (3.87)

which is compatible with the addition structure [H
1

] �
[H

2

] = [H
1

� H
2

]. The identity element is 0 = [;] which
consists of all topological trivial Hamiltonians that can
be deformed into �

3

⌦ 11N . Each Hamiltonian class now
has an additive inverse. By adding trivial bands, we can

always assume a Hamiltonian has an equal number of oc-
cupied and unoccupied bands. Consider the direct sum
H�(�H), where �H inverts the occupied states to unoc-
cupied ones. This sum is topological trivial as the states
below the gap consists of both the valence and conduc-
tion states in H and they are allow to mix. This shows
[H] � [�H] = 0 and [�H] is the additive inverse of [H].

We see now the collection of equivalent classes of defect
Hamiltonians form a group, and defines a K-theory

K(s; d, D) =

⇢
[H] :

H(k, r), a gapped defect
Hamiltonian of AZ class
s and dimensions (d,D)

�
(3.88)

There are group homomorphisms (Teo and Kane, 2010b)

�
+

: K(s; d, D) �! K(s + 1; d + 1, D) (3.89)

�
�

: K(s; d, D) �! K(s � 1; d, D + 1) (3.90)

relating K-groups with di↵erent symmetries and dimen-
sions. Given any defect Hamiltonian Hs(k, r) in symme-
try class s, one can define a new gapped Hamiltonian

Hs±1

(k, ✓, r) = cos ✓Hs(k, r) + sin ✓S (3.91)

for odd s, or

Hs±1

(k, ✓, r) = cos ✓Hs(k, r) ⌦ �
3

+ sin ✓11 ⌦ �
1,2 (3.92)

for even s. Here ✓ 2 [�⇡/2, ⇡/2] is a new variable that
extends (k, r), which lives on the sphere Sd+D, to the
suspension ⌃Sd+D = Sd+1+D. This is because the new
Hamiltonian Hs±1

is independent from k, r at the north
and south poles where ✓ = ±⇡/2.

We first look at the case when s is odd. For real sym-
metry classes, the chiral operator is set to be the prod-
uct S = i(s+1)/2TC of the TR and PH operators. The
factor of i is to make sure S is hermitian and squares
to unity. The addition of the chiral operator in (3.91)
breaks the chiral symmetry since the Hamiltonian Hs±1

does not anticommute with S anymore. Depending on
how the new variable ✓ transforms under the symmetries
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Symmetry dim
Class T P S 1 2 3
A 0 0 0 0 Z 0
AIII 0 0 1 Z 0 Z
AI 1 0 0 0 0 0
BDI 1 1 1 Z 0 0
D 0 1 0 Z2 Z 0
DIII -1 1 1 Z2 Z2 Z
AII -1 0 0 0 Z2 Z2

CII -1 -1 1 Z 0 Z2

C 0 -1 0 0 Z 0
CI 1 -1 1 0 0 Z

Table 1: Periodic table of topological insulators and superconductors. The ten symmetry classes
are defined in terms of the presence or absence of time-reversal symmetry (T ), particle-hole sym-
metry (C), and chiral symmetry (S). The presence and absence of symmetries is denoted by “±1”
and “0”, respectively, with “+1” or “-1” specifying whether the antiunitary operator implementing the
symmetry at the level of the single-particle Hamiltonian squares to “+1” or “-1”. The symbols Z
and Z2 indicate that the topologically distinct phases within a given symmetry class of topologi-
cal insulators (superconductors) are characterized by an integer invariant (Z), or a binary quantity
(Z2), respectively. The topological classifications show a regular pattern as a function of symmetry
class and spatial dimension.

2.2.1 Classification of topological insulators and superconductors

Together with Prof. Ludwig from UC Santa Barbara, Prof. Furusaki from RIKEN, and
Dr. Ryu from UC Berkeley, I have shown in 2008 that the notion of topological order
can be generalized to systems with different discrete symmetries than those discussed
in Sec. 2.1. Indeed, we found that there is a unified mathematical framework, which pro-
vides a complete and exhaustive classification of topologically ordered phases of gapped
free fermion systems in terms of discrete symmetries and spatial dimension [?, ?, ?]. A
summary of this classification scheme is presented in Table 1. The first column in this
table lists all possible “symmetry classes” of non-interacting single-particle Hamiltonians.
There are precisely ten distinct classes, which are identical to those discussed by Altland
and Zirnbauer in the context of random matrix theory [?,?]. The symmetry classes are
defined in terms of the presence or absence of time-reversal symmetry T = ±1, particle-
hole symmetry C = ±1, and the combined symmetry S = T � C, which is called “chiral”
symmetry. The result of this classification scheme is that in each spatial dimension there
exist precisely five distinct classes of topological insulators or superconductors, three of
which are characterized by an integer topological invariant (denoted by Z in Table 1),
while the remaining two possess a binary topological quantity (denoted by Z2). Since this
classification scheme shows a regular pattern as a function of symmetry class and spa-
tial dimension [?], it is is now commonly referred to as the “periodic table” of topological
insulators and superconductors.

The topologically ordered states discussed in Sec. 2.1 are all included in the periodic
table: The quantum Hall state belongs to class A (d = 2; no symmetry), the spin-orbit
induced topological insulators are members of class AII (d = 2, 3; T = �1), the spinless
px + ipy superconductor is in class D (d = 2; C = +1), and the B phase of 3He belongs
to class DIII (d = 3; T = �1, C = +1). However, by means of this classification scheme
we also predicted new topological phases of matter. That is, there are entries in the
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I. INTRODUCTION

In this paper we derive the surface bound state spectrum of
a NCS using quasiclassical scattering theory and compute the
tunneling conductance between a normal metal and a NCS
both as a function of surface orientation and as a function
of the relative magnitude of spin-singlet and spin-triplet pair-
ing states. Moreover, we also study zero-temperature quan-
tum phase transitions, where the momentum space topology
of the quasi-particle spectrum changes abruptly as the singlet-
to-triplet ratio in the pairing amplitude crosses a critical value
(Fig. 5). We discuss how these topological phase transitions
can be observed in experiments.

1

2π

∫

M

κ dA = χ = 2 − 2g (1)

2 0 (2)

II. THEORETICAL BACKGROUND

A. Model definition

We consider a mean-field model Hamiltonian for a BCS su-
perconductor in a non-centrosymmetric crystal. In particular
we have in mind Li2PdxPt3−xB, CePt3Si, and Y2C3. We start
from a general non-centrosymmetric superconductor with the
mean-field HamiltonianH = 1

2

∑

k
ψ†

k
H(k)ψ

k
with

H(k) =

(

h(k) ∆(k)
∆†(k) −hT (−k)

)

(3a)

and ψk = (c
k↑, ck↓, c

†
−k↑, c

†
−k↓)

T, where c†
k
(c

k
) denotes the

electron creation (annihilation) operator with momentum k
and spin σ. The normal state dispersion of the electrons is
described by the matrix

h(k) = ξkσ0 + gk · σ, (3b)

with ξk = !2k2/(2m) − µ and gk the spin-orbit coupling
(SOC) potential. The gap function∆(k) is

∆(k) = f(k) (∆s + dk · s) (isy) . (3c)

It is well-known that the highest Tc corresponds to dk ∥ gk.
Hence we write dk = ∆pgk.

B. Winding number

We can study the topological properties of nodal lines using
the winding number

WL =
1

2πi

∮

L

dl Tr
[

q−1(k)∇lq (k)
]

, (4)

where the integral is evaluated along the closed loop L in the
Brillouin zone. With this formula we can compute the topo-
logical charge associated with the nodal lines appearing in the
gapless phases of non-centrosymmetric superconductors.

III. BOUND STATE SPECTRA

IV. TUNNELING CONDUCTANCE

V. TOPOLOGICAL PHASE TRANSITIONS

In this Section we examine topological phase transi-
tions of model (2) as a function of the relative strength
of singlet and triplet contributions to the order parameter,
∆s/∆t. I.e, we investigate zero-temperature transitions be-
tween two phases which share the same symmetries, in
particular the same pairing symmetry, but differ in their
topological characteristics.33,34 This is motivated in part by
Li2PdxPt3−xB, which is a family of NCS where the SO cou-
pling strength can be tuned by substituting Pt for Pd.35 The
magnitude of the SO interaction in these compounds in turn
seems to be directly related to the singlet-to-triplet ratio in
the pairing amplitude.36 This suggest that it might be possi-
ble to observe in Li2PdxPt3−xB topological phase transitions
between a fully gapped and a gapless phase, or between two
gapless phases as a function of Pt concentration.
In Fig. 5a we present the topological phase diagram

for a NCS with cubic point group O (appropriate for
Li2PdxPt3−xB) and l-vector given by Eq. (??). For∆s > ∆t

the superconductor is fully gapped and topologically triv-
ial. At ∆s = ∆t there is a Lifshitz-type zero-temperature
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Ten-fold classification of topological insulators and superconductors 

Ten-fold classification:

— non-spatial symmetries:

- sublattice:

- time-reversal:
- particle-hole:

TH(k)T�1 = +H(�k); T 2 = ±1

SH(k)S�1 = �H(k); S / TP

Periodic Table of Topological Insulators and Superconductors
Anti-Unitary Symmetries :

-Time Reversal :   
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Unitary (chiral) symmetry :  
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ten symmetry
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3D topological insulator w/ SOC

Chern insulator
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Symmetry dim
Class T P S 1 2 3
A 0 0 0 0 Z 0
AIII 0 0 1 Z 0 Z
AI 1 0 0 0 0 0
BDI 1 1 1 Z 0 0
D 0 1 0 Z2 Z 0
DIII -1 1 1 Z2 Z2 Z
AII -1 0 0 0 Z2 Z2

CII -1 -1 1 Z 0 Z2

C 0 -1 0 0 Z 0
CI 1 -1 1 0 0 Z

Table 1: Periodic table of topological insulators and superconductors. The ten symmetry classes
are defined in terms of the presence or absence of time-reversal symmetry (T ), particle-hole sym-
metry (C), and chiral symmetry (S). The presence and absence of symmetries is denoted by “±1”
and “0”, respectively, with “+1” or “-1” specifying whether the antiunitary operator implementing the
symmetry at the level of the single-particle Hamiltonian squares to “+1” or “-1”. The symbols Z
and Z2 indicate that the topologically distinct phases within a given symmetry class of topologi-
cal insulators (superconductors) are characterized by an integer invariant (Z), or a binary quantity
(Z2), respectively. The topological classifications show a regular pattern as a function of symmetry
class and spatial dimension.

2.2.1 Classification of topological insulators and superconductors

Together with Prof. Ludwig from UC Santa Barbara, Prof. Furusaki from RIKEN, and
Dr. Ryu from UC Berkeley, I have shown in 2008 that the notion of topological order
can be generalized to systems with different discrete symmetries than those discussed
in Sec. 2.1. Indeed, we found that there is a unified mathematical framework, which pro-
vides a complete and exhaustive classification of topologically ordered phases of gapped
free fermion systems in terms of discrete symmetries and spatial dimension [?, ?, ?]. A
summary of this classification scheme is presented in Table 1. The first column in this
table lists all possible “symmetry classes” of non-interacting single-particle Hamiltonians.
There are precisely ten distinct classes, which are identical to those discussed by Altland
and Zirnbauer in the context of random matrix theory [?,?]. The symmetry classes are
defined in terms of the presence or absence of time-reversal symmetry T = ±1, particle-
hole symmetry C = ±1, and the combined symmetry S = T � C, which is called “chiral”
symmetry. The result of this classification scheme is that in each spatial dimension there
exist precisely five distinct classes of topological insulators or superconductors, three of
which are characterized by an integer topological invariant (denoted by Z in Table 1),
while the remaining two possess a binary topological quantity (denoted by Z2). Since this
classification scheme shows a regular pattern as a function of symmetry class and spa-
tial dimension [?], it is is now commonly referred to as the “periodic table” of topological
insulators and superconductors.

The topologically ordered states discussed in Sec. 2.1 are all included in the periodic
table: The quantum Hall state belongs to class A (d = 2; no symmetry), the spin-orbit
induced topological insulators are members of class AII (d = 2, 3; T = �1), the spinless
px + ipy superconductor is in class D (d = 2; C = +1), and the B phase of 3He belongs
to class DIII (d = 3; T = �1, C = +1). However, by means of this classification scheme
we also predicted new topological phases of matter. That is, there are entries in the
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where the integral is evaluated along the closed loop L in the
Brillouin zone. With this formula we can compute the topo-
logical charge associated with the nodal lines appearing in the
gapless phases of non-centrosymmetric superconductors.
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We study surface bound states and tunneling conductance spectra of non-centrosymmetric superconductors
(NCS). The appearance of dispersionless bound states is related to a non-zero topological invariant. Further-
more, we discuss different types of topological phase transitions in non-centrosymmetric superconductors.

PACS numbers: 74.50.+r,74.20.Rp,74.25.F-,03.65.vf

I. INTRODUCTION

In this paper we derive the surface bound state spectrum of
a NCS using quasiclassical scattering theory and compute the
tunneling conductance between a normal metal and a NCS
both as a function of surface orientation and as a function
of the relative magnitude of spin-singlet and spin-triplet pair-
ing states. Moreover, we also study zero-temperature quan-
tum phase transitions, where the momentum space topology
of the quasi-particle spectrum changes abruptly as the singlet-
to-triplet ratio in the pairing amplitude crosses a critical value
(Fig. 5). We discuss how these topological phase transitions
can be observed in experiments.
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2π

∫

M

κ dA = χ = 2 − 2g (1)

2 0 (2)

II. THEORETICAL BACKGROUND

A. Model definition

We consider a mean-field model Hamiltonian for a BCS su-
perconductor in a non-centrosymmetric crystal. In particular
we have in mind Li2PdxPt3−xB, CePt3Si, and Y2C3. We start
from a general non-centrosymmetric superconductor with the
mean-field HamiltonianH = 1

2

∑

k
ψ†

k
H(k)ψ

k
with

H(k) =

(

h(k) ∆(k)
∆†(k) −hT (−k)

)

(3a)

and ψk = (c
k↑, ck↓, c

†
−k↑, c

†
−k↓)

T, where c†
k
(c

k
) denotes the

electron creation (annihilation) operator with momentum k
and spin σ. The normal state dispersion of the electrons is
described by the matrix

h(k) = ξkσ0 + gk · σ, (3b)

with ξk = !2k2/(2m) − µ and gk the spin-orbit coupling
(SOC) potential. The gap function∆(k) is

∆(k) = f(k) (∆s + dk · s) (isy) . (3c)

It is well-known that the highest Tc corresponds to dk ∥ gk.
Hence we write dk = ∆pgk.

B. Winding number

We can study the topological properties of nodal lines using
the winding number

WL =
1

2πi

∮

L

dl Tr
[

q−1(k)∇lq (k)
]

, (4)

where the integral is evaluated along the closed loop L in the
Brillouin zone. With this formula we can compute the topo-
logical charge associated with the nodal lines appearing in the
gapless phases of non-centrosymmetric superconductors.

III. BOUND STATE SPECTRA

IV. TUNNELING CONDUCTANCE

V. TOPOLOGICAL PHASE TRANSITIONS

In this Section we examine topological phase transi-
tions of model (2) as a function of the relative strength
of singlet and triplet contributions to the order parameter,
∆s/∆t. I.e, we investigate zero-temperature transitions be-
tween two phases which share the same symmetries, in
particular the same pairing symmetry, but differ in their
topological characteristics.33,34 This is motivated in part by
Li2PdxPt3−xB, which is a family of NCS where the SO cou-
pling strength can be tuned by substituting Pt for Pd.35 The
magnitude of the SO interaction in these compounds in turn
seems to be directly related to the singlet-to-triplet ratio in
the pairing amplitude.36 This suggest that it might be possi-
ble to observe in Li2PdxPt3−xB topological phase transitions
between a fully gapped and a gapless phase, or between two
gapless phases as a function of Pt concentration.
In Fig. 5a we present the topological phase diagram
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Symmetry Spatial Dimension d
Class T C S 1 2 3 4 5 6 7 8 · · ·
A 0 0 0 0 Z 0 Z 0 Z 0 Z · · ·

AIII 0 0 1 Z 0 Z 0 Z 0 Z 0 · · ·
AI 1 0 0 0 0 0 Z 0 Z2 Z2 Z · · ·

BDI 1 1 1 Z 0 0 0 Z 0 Z2 Z2 · · ·
D 0 1 0 Z2 Z 0 0 0 Z 0 Z2 · · ·

DIII -1 1 1 Z2 Z2 Z 0 0 0 Z 0 · · ·
AII -1 0 0 0 Z2 Z2 Z 0 0 0 Z · · ·
CII -1 -1 1 Z 0 Z2 Z2 Z 0 0 0 · · ·
C 0 -1 0 0 Z 0 Z2 Z2 Z 0 0 · · ·
CI 1 -1 1 0 0 Z 0 Z2 Z2 Z 0 · · ·

Table 1: Periodic table of topological insulators and superconductors. The ten symmetry classes
are defined in terms of the presence or absence of time-reversal symmetry (T ), particle-hole
symmetry (C), and chiral symmetry (S). The presence and absence of symmetries is denoted
by “±1” and “0”, respectively, with “+1” or “-1” specifying whether the antiunitary operator imple-
menting the symmetry at the level of the single-particle Hamiltonian squares to “+1” or “-1”. The
symbols Z and Z2 indicate that the topologically distinct phases within a given symmetry class of
topological insulators (superconductors) are characterized by an integer invariant (Z), or a binary
quantity (Z2), respectively.

completely decoupled from the surrounding environment, thereby realizing a nearly perfectly iso-
lated closed quantum system. Moreover, since in these systems the interaction strength and
other parameters can be controlled experimentally with high accuracy, cold-atom experiments
are ideally suited to study non-equilibrium quantum physics.

As opposed to classical systems, the concept of ergodicity does not exist in a closed quan-
tum system, and it is in general unclear whether and how relaxation occurs. As dictated by
Schrödinger’s equation, a pure state of a quantum system remains a pure state at all times.
Hence, a closed quantum system cannot relax to a state which is described by stationary density
matrices. However, a subsystem of a given quantum system may still thermalize, as was shown
in Refs. [139, 140]. Therefore, a quantum system can be regarded as thermalized if part of the
observables (for example local observables) become time-independent at long time scales, tak-
ing on values corresponding to the ones in a thermal state [141,142]. The number of conserved
quantities in a quantum system strongly affects the thermalization behavior. In particular, it is be-
lieved that in quantum systems with an infinite number of constants of motion (i.e., in integrable
systems), thermalization cannot occur, since the information of the initial state is preserved for
all times [143–145]. However, it remains an open problem what the precise conditions are for a
given observable in a quantum system to thermalize, such that it can be described in terms of an
expectation value with respect to a thermal ensemble [146–149].

2.2 State of Personal Research

2.2.1 Classification of gapped topological phases

In recent years the applicant has contributed to the systematic investigation and characteriza-
tion of gapped topological phases of matter [66–68, 73–77]. Most prominently, an exhaustive
classification of topological phases in fully gapped single-particle models has been established
(see Table 1) [66,67,73]. This classification describes the topological properties of single-particle
Hamiltonians belonging to any of the ten possible “symmetry classes” defined by time-reversal

— classifies fully gapped topological materials in terms of non-spatial symmetries
(i.e., symmetries that act locally in space)

CH(k)C�1 = �H(�k); C2 = ±1
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Extension I: Weak topological insulators and supercondutors

cf. Kitaev, AIP Conf Proc. 1134, 22 (2009)
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Symmetry Dimension
C 1 32 4
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        d-dim.weak topological insulators (SCs) 
of co-dimension k can occur whenever there 
exists a strong topological state in same 
symmetry class but in (d-k) dimensions.

strong topological insulators (superconductors): 
  not destroyed by positional disorder

weak topological insulators (superconductors): 
  only possess topological features 
  when translational symmetry is present

               weak topological insulators (superconductors) 
are topologically equivalent to parallel stacks of lower-
dimensional strong topological insulator (SCs).

co-dimension k=1 co-dimension k=2

I. INTRODUCTION

0 < k ≤ d and

λ0/∆te (1.1)

3

I. INTRODUCTION

0 < k ≤ d and
(

d

k

)

(1.1)

λ0/∆te (1.2)

3

top. invariants



Extension II: Zero mode localized on topological defect

Protected zero modes can also occur 
at topological defects in D-dim systems

Ryu, et al. NJP (2010) 

Freedman, et. al., PRB (2010)
Teo & Kane, PRB (2010)

Two-dim defects (r=2): domain wall (D=3)

Point defect (r=0): Hedgehog (D=3), 
vortex (D=2), domain wall (D=1)

Line defect (r=1): 
dislocation line (D=3) 
domain wall (D=2)

Fractionalization in a square-lattice model with time-reversal symmetry
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We propose a two-dimensional time-reversal invariant system of essentially noninteracting electrons on a
square lattice that exhibits configurations with fractional charges !e /2. These are vortexlike topological
defects in the dimerization order parameter describing spatial modulation in the electron hopping amplitudes.
Charge fractionalization is established by a simple counting argument, analytical calculation within the effec-
tive low-energy theory, and by an exact numerical diagonalization of the lattice Hamiltonian. We comment on
the exchange statistics of fractional charges and possible realizations of the system.

DOI: 10.1103/PhysRevB.77.033104 PACS number!s": 71.10.Pm, 71.10.Fd

I. INTRODUCTION

It is now well known that fractional quantum numbers can
arise as the collective excitations of a many-body system.
The canonical example of such fractionalization is a two-
dimensional electron gas placed in a transverse magnetic
field in the fractional quantum Hall regime. At odd inverse
filling factors, "−1#1, the many-body ground state is de-
scribed by a strongly correlated Laughlin wave function and
the time-reversal symmetry is broken. The excitations carry
the fractional charge "e !Ref. 1" and exhibit fractional !Abe-
lian" statistics.2 The search for other systems that exhibit
fractionalization is ongoing. An important question in this
search is whether strong correlations or a broken time-
reversal symmetry is necessary for fractionalization to hap-
pen.

Recently, the answer to the question is argued to be nega-
tive. A group including the present authors3 proposed a sys-
tem with fractionally charged, anyonic excitations that can
be described by a weakly interacting wave function found by
filling a set of single-particle states. Moreover, Hou et al.4

have argued that a vortex in the Kekulé modulations of the
hopping amplitudes on a honeycomb lattice, like that of
graphene, binds a fractional charge e /2 without breaking the
time reversal symmetry.

In this Brief Report, we propose a system on a square
lattice with time-reversal symmetry that exhibits fractional-
ization. The system consists of a square lattice threaded by
one-half of a magnetic flux quantum $0=hc /e per plaquette
on which electrons can hop to nearest-neighbor sites with no
interaction. Time-reversal symmetry is preserved in this lat-
tice model because electrons cannot detect the sign of the
flux with magnitude $0 /2. In addition, we assume a dimer-
ized modulation of hopping amplitudes, as depicted in Fig.
1!a". Such modulations can arise as a Peierls distortion of a
uniform ion lattice above a critical value of the electron-
phonon coupling or, as discussed in Ref. 4 in the context of
graphene, as an interaction-driven instability. We show that a
vortex in the complex scalar order parameter describing this
dimerization pattern generates a zero-energy bound state in
the spectrum of electrons and carries a fractional charge. In
addition to similar arguments to those of Ref. 4, we present a
simple electron counting argument5,6 as well as numerical

evidence demonstrating this effect. Importantly, we find that
the fractionalization survives essentially intact beyond the
low-energy theory of Ref. 4 in the presence of the lattice. We
also show that the same pattern of fractionalization occurs
for the Z4 and U!1" vortices and clarify the issue of their
confinement. We then give a brief discussion of the energet-
ics of the Peierls distortion and touch upon possible experi-
mental realizations of the model in artificially engineered
semiconductor heterostructures and optical lattices.

II. MODEL

We consider a square lattice with a tight-binding Hamil-
tonian,

FIG. 1. !Color online" The model: !a" square lattice with 1
2$0

magnetic flux per plaquette and dimerized hopping amplitudes. The
! on the left for each row show the choice of gauge for the Peierls
phase factors. The solid !dashed" bonds indicate an increased !de-
creased" hopping amplitude in the x̂ !blue/gray" and ŷ !green/light
gray" directions as explained in the text. The four sites of the unit
cell are marked. !b" The Z4 vortex. The dashed lines indicate the
domain walls sharing the center of the vortex. The phase of the
local dimer order parameter f i !see text" around !c" the U!1" and
!d" the Z4 vortices. The % shows the center of each vortex where
f =0.
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look at column d=(r+1)

Can an r-dimensional topological defect of a 
given symmetry class bind gapless states or 
not?

line defect in class A:

(answer does not depend on D!)

I. INTRODUCTION

0 < k ≤ d and
(

d

k

)

(1.1)

λ0/∆te (1.2)

n =
1

8π2

∫
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Tr[F ∧ F] (1.3)

3

(second Chern no = no of zero modes)


